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In this note we analyze the influence of four damage models on the
collapse load of a structure. The models considered here have
been developed using the hypothesis based on the concept of ef-
fective stress and the principle of strain equivalence and they were
proposed by Lemaitre and Chaboche (1990, Mechanics of Solid
Materials), Wang (1992, “Unified CDM Model and Local Crite-
rion for Ductile Fracture—I. Unified CDM Model for Ductile
Fracture,” Eng. Fract. Mech., 42, pp. 177-183), Chandrakanth
and Pandey (1995, “An Isotropic Damage Model for Ductile Ma-
terial,” Eng. Fract. Mech., 50, pp. 457-465), and Bonora (1997,
“A Nonlinear CDM Model for Ductile Failure,” Eng. Fract.
Mech., 58, pp. 11-28). The differences between them consist
mainly in the form of the dissipative potential from which the
kinetic law of damage is derived and also in the assumptions
made about some parameters of the material.

[DOLI: 10.1115/1.4000427]

1 Introduction

The continuum damage mechanics (CDM) is a new approach
through which the material degradation can be quantified as a
measurable parameter called the damage variable. 1t is considered
as an internal variable in the framework of thermodynamics and it
is a measure of the degradation of the material. The constitutive
model of a postulated damage parameter should be a function of
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the local stress, strain, strain rate, etc. Integrating over the loading
history, the damage law will predict the material failure dynami-
cally [1,2]. The dissipation potential function (¢) is a scalar func-
tion of all the observable variables (elastic strain tensor &) and
temperature 7; their associated variables are the stress tensor oy;
and the entropy s) and the internal variables (accumulated plastic
strain p and damage variable D; their associated variables are the
increment of yield surface R and the damage strain energy release
rate Y) as parameters [2—4]. The differences between many ductile
models are mainly based on the form of this potential.

2 Materials and Methods

The analysis of frames considering damaged material can be
done using the same concepts of equivalence of stress and strain
as in continuum mechanics. Therefore, if we consider a 2D beam
element of a frame between nodes 1 and 2 (Fig. 1), generalized
damage, stresses, and displacements can be defined, respectively,
at the beam-ends as

{D}={D\.D,} (1)
{ar} :{del!dvyl’szl’de%dVyZ’dMﬁ} (2)
(™) = (0%, 0B, 02, ) ()

A constitutive model for the 2D beam element can be defined as
the set of equations that relates the generalized stress with the
history of generalized displacements. For the elastic case consid-
ering that the variation in the elastoplastic displacement duP at
the beam-ends can be split into its elastic (du®) and its plastic
(duP) components, in a vectorial form {du®*}={du}+{du’}

{dF} = [KKdu} =[K]({du} - {du’}) )

where [K] is the elastic stiffness matrix for the 2D beam element.
The variation in plastic displacement {du"}, taking into account
the laws in the case of associated flow, can be expressed through

{dup}={dx}{j—§} ©)

where Z is the yield function for the beam element and {d\} is a
2 X1 column vector of so-called plastic multipliers d\;, d\, that
measure the total plastic flow of the beam-ends.

The classic CDM formulation from Chaboche and Lemaitre [5],
in the form specifically related to damage evolution, can be ge-
nerically expressed as

{dD}:{dx}{_jj’} and p= (11\0) (6)

Equation (6), the kinetic law of damage evolution, shows the
coupling between the damage rate and the effective accumulated
plastic strain rate p by means of the plastic multiplier. ¢* is the
damage dissipation potential.

From the plastic consistency condition, we can write

. Joz 9z
Zz{H—F}{dF}+{a—D}{dD}=O (7)

By substituting Egs. (4)—(6) into Eq. (7), isolating {d\} and sub-
stituting it in Egs. (6) and (4) yields

wl2){Z]
(2ol 2} {2} 2]

=[K"}{duc?} ®)

where [ K®P] is the elastoplastic degradation stiffness matrix for the
2D beam element.

{dFy=[K]| 1-

{du?y
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Fig. 1 Beam element with plasticity and damage at its ends

To determine the elastoplastic degradation stiffness matrix, it is
necessary to evaluate the potential derivate with respect to the
damage strain energy Y.

o o
Y=——""—/—] where
2E(1 = D)™ \ 0

2
f(ﬂ)=[2(1+V)+3(1-2v)(0"’) ] 9)
Oeq 3 Oeq

where o, is the hydrostatic stress, o, is the von Mises equivalent
stress, v is the Poisson’s ratio, and E is the Young’s modulus.

The next step consists of deriving the damage dissipation po-
tential (Table 1) with respect to Y for obtaining the damage evo-
lution law. Now we describe the procedure for Lemaitre’s model
[6].

For a ductile material, the effective equivalent von Mises stress
can be written as a function of the accumulated plastic strain,
using the Ramberg—Osgood power law, as follows:

Oeq o,

"¢
1-D k(1 -D)

where « is a material constant. Then, by substituting Egs. (9) and
(10) into Lemaitre’s damage evolution law (Table 1), we get

0"(]5* K2 o, p2n p2n
== f (_) == [Bo]
Y 2ES,"\ 0,/ J1-D 1-D

=kp", p'= or  O.q=kp"(1-D) (10)

(11)

Table 1 Damage evolution law for different approaches

&= 1( Y)2 S, |(Dy—D)*
- 2 So 1-D p(2+n)/n

&= l( 1)2_&
"2\ s/ 1-D
¢*_ l( 1)2 Sw (Pcr—P)aW—I
12\ s,/ 1-D P
¢ = [l< 1)2 Sc ] 1
- 2\ S,/ 1-D pacn ‘pZ/n
D, and p, are the damage and deformation at failure initiation, respectively. The

terms S,, Sz, Sy, S¢, ap, ay, and ac are the material constants and n is the hardening
constant of the material.

Bonora [3]

Lemaitre [5]

Wang [1]

Chandrakanth [2]

034502-2 / Vol. 77, MAY 2010

In the case of proportional loading, the ratio o,,/ g4 can be
considered as a constant with respect to time so, for simplicity, the
term [(x2/2ES;) f(0u! Teg)] is renamed as [Bg].

By substituting Eq. (11) in the damage evolution law given in
Eq. (6), we obtain

D=8 or > =[Bylp (12)
dp

Then, we integrate Eq. (12) between the initial condition D
=D, and D=D,,. The damage process remains inactivated (i.e.,
D=D,) until the effective accumulated plastic strain p reaches a
threshold strain py, (i.e., dD=0 and D=0 or D=D,). When p
=pu» Nucleation is the dominating void growth state [3]. When
D=D,,, coalescence dominates the void growth process and the
effective accumulated plastic strain p reaches the critical value p,
for which failure occurs.

2n+l _

2n+1
p DPtn
Dcr_Doz[BO](%) and

2n+l _  2n+1
1#) 1)

D.,—D=[By]| ==
[« [ 0]( 2n+1

By eliminating [By] in these equations, we obtain a general inte-
grated evolution law for ductile plastic damage

p2n+1=p§:1+1_<DCr_D> »

2n+1 2n+l)
Dcr - Do

o P ( 14)
By substituting the same term into Eq. (11), we obtain the deriva-
tive of the dissipation potential with respect to Y.

ad)* pzn D _D)
Y - 2n+clr_ 2t |20+ 1)

cr th

= 15
aY 1-D\p (15

Similar procedures are used for obtaining the expressions for
other models (Table 2). Figure 2 shows the evolution law for
ductile plastic damage of the models considered. The material
coefficients are taken from Ref. [3].

The next step is to determine {dZ/dF} and {dZ/dD}. 1t is nec-
essary to define the yield function Z for the beam element in
function of the stress and the damage of the material. For the
following assumptions (material nonlinearity simulated by the for-
mation of plastic zones of zero length at the beam-ends, effect of
strain hardening not considered, and rectangular cross sections b
X h) [7], we get
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Table 2 {d¢*/dY} and ductile plastic damage evolution law for different models

&¢* ~ <(Dcr_Do)l/a> (Dcr_D)a—l/a

¥~ "\ In(pulpw) | (1-D)p
In(p/ «
D=l%+(Da—DJ[1—(1——ﬂ££ﬁl)]
Bonora (PAynvp)B In(pe/pin)

p=e”, where ¢ is the base of the Neperian logarithm

D.—-D la
A=In(pe) = ln@cr/p[h)(“—)

Dcr_Du
a¢" [ Dy=D
AN A L P
Y  1=D\py™ -py
p%ml _p2n+1
Lemaitre (PAynvyp)L D=Dy~ (D~ Do)<§2+1—pzn+l>
e~ FPth

2n+l _ 20+l D,-D 2n+1 2n+1
P =Pa — D -D eor P
ca— Mo

(7(;5* __ a( Dcr_Da )(pcr_p)a_l

¥ \(pe=pw)®) 1-D
Pea—P “
Wang (PAynvp)W D=D,— (D - D0)<—)
Per— Pth

D,-D )1/a

P=DPa— (pcr_plh)<Dcr_D0

" 1 (Dcr—Do) 1
Yy a,

Per = P Da/”(l _D)

— Ve,
D= |:Dsn + (D?r" —D?’)(M>:|

Chandrakanth (PAynyp)C Pear= P

( )(Dan - Dgn)
=Pnt P = N e,
P=Pnt D= Pun D% — D

a
a,=—+1
n

| M, N, 2 1 v, 2 M, N,, and V, are the stresses on the cross section of the beam
Z= . P\v ) 1opt3\y =Dy~ (1-D)=0 and M, N,, and V, are the plastic bending moment, plastic axial
P e P force, and plastic shear force, respectively, that cause the full
(16) yielding of the cross section of the beam.
Considering the yielding function of Eq. (16), we get
D
1 T
4 Bonora’s model oz Al Bl ﬁ 0 0 0
| + Wang’s model — (= P where
e Chandrakanth’s model oF 1
= Lemaitres’s model 0 0 0 Az Bz _—
| M,
2
£
& 2N, 2 Vi
o a _ Xl . _ - yi
2 A=Na-py PT3va-oy (7)
a | p i » i
S
¥Y4 c, 0
i — (= where
oD 0 G,
Do % T T T T T T P
(P)-Accumulated plastic strain No\2 | V. 5 |
Ci=| = ——=+(F) ———+1 (18)
Fig. 2 Damage (D) versus accumulated plastic strain (p) N,) (1-D)* "\Vv,/ (1-Dy*
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Simulation performed with
E =200GPa; L =1m; A=0,1x0,1m?;
o =250M Pa (yield stress).

The material is a Steel-1015 [3]:
Per = 145 pyy = 0,259;
o =0,2175; n = 0,0006.
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(a) Frame example
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(b) Load factor vs horizontal displacement of node 4 (in m)

Fig. 3 Test on a 2D frame

3 Results and Result Analysis

The accuracy of the model is verified by simulating one experi-
ment for which the data were available in literature [8]. We can
conclude that the model is simple but it still represents accurately
the behavior of the structure.

After this validation, we apply the method to compare the col-
lapse load of the 2D frame shown in Fig. 3(a). We consider yield-
ing by bending moment and axial and shear forces. The loads are
proportionally increased from zero to their collapse values using
an incremental and iterative procedure. Within each load incre-
ment, the equilibrium equations are solved by Newton—Raphson
methods. Figure 3(a) shows the accumulated deformed shape of
the frame for different load factors (\) for the model (PAynyp)B-
In all the models, the sequence of the cross section yielding is 5,
4,3, and 1 and the collapse load is P=\-M,,

The response curves for the classic plastic analysis and the
elastoplastic degradation analysis are shown in Fig. 3(b). They
were obtained considering the material nonlinear effect and the
elastoplastic damage model proposed, using the hypothesis of
strain equivalence and dissipative potential from which the kinetic
law of damage is derived. The curves of damage models are be-
low the curve of the plastic analysis model due to the loss of
stiffness of some sections: The load factor is lower and the dis-
placements are higher. The effective accumulated plastic strain
plays an important role on the damage evolution law. The evolu-
tion of the damage variable is much greater with Wang’s model
than with the other models. Therefore, the progressive reduction
in material ductility is much higher.

4 Conclusions

The damage model shows a nonlinear variation with respect to
plastic strain and it can be identified with a quantitative evaluation
of the parameters D, D,, pms Por and also the hardening param-

034502-4 / Vol. 77, MAY 2010

eter, which defines the real stress-strain curve. The effects of axial
and shear forces and bending moment have been taken into ac-
count for determining the yielding of the cross section of the
beam.

The results lead to a more accurate prediction of the load that
causes the yielding of the sections of the beam until the mecha-
nism of collapse is formed. We can observe that the transmission
of the load state among all the beams of a system is affected by
the behavior of the plastic material and the accumulation of plastic
strain, which leads to damage in the section and to the subsequent
decreasing in the load-bearing capacity of the structure.
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